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Abstract tracted considerable attentiof, [14, 25. However most

emphasis has been put so far on their accuracy, and recent
Several object categorization algorithms use kernel findings seem to indicate that current MKL algorithms do
methods over multiple cues, as they offer a principled ap- not improve much over the naive baseline of averaging all
proach to combine multiple cues, and to obtain state-of-the the kernels 0.

art performance. A general drawback of these strategies is  aAjmost every interesting categorization problems have
the high computational cost during training, that prevents ,ore than two classes. and most of the MKL algo-
their'application to large-scale problems. They also do not (ithms [13, 19, 29 solves the multiclass problem by de-
provide theoretical guarantees on their convergence rate.  composing it into multiple independent binary classifioati
Here we present a MyIUcIass Multi Kernel Learning {55ks (exceptg]). However, recent evidence (] seems
(MKL) algorithm that obtains state-of-the-art performanc 4 gyggest that a principled multiclass formulation (sush a
in a considerably lower training time. We generalize the iose in 1.0, 24, 2€]) achieves better performance, at least
standard MKL formulation to introduce a parameter thatal- 5, sparse problems usirig regularization. Moreover, to
lows us to decide the level of sparsity of the solution. Thank o knowledge, none of the MKL algorithm&d, 19, 23]
to this new setting, we can directly solve the problem in the ,oyides theoretical guarantees on their convergence rate
primal formulation. We prove theoretically and experimen- |, practice, the learning process is usually stopped early,
tally that 1) our algorithm has a faster convergence rate as pefore reaching the optimal solution, based on the common
the number of kernels grow; 2) the training complexity is assymption that it is enough to have an approximate solu-
linear in the number of training examples; 3) very few iter- o of the optimization function. Considering the factttha
ations are enough to reach good solutions. Experiments oncyrrent MKL algorithms are solved based on their dual rep-
three standard benchmark databases support our claims.  yegentation, this might mean being stopped far from the op-
timal solution [L1]. Last but not least, scalability is also
1. Introduction very important for many real world applications.

The contribution of this paper is a Multiclass MKL al-
gorithm that has a guaranteed and fast convergence rate to
the optimal solution. We also generalize the MKL learning
problem, adding a parameter to tune the level of sparsity in
the kernel domain. We show experimentally that aiming at
sparsity, as in the original MKL formulation, is not always
the optimal strategy. Our algorithm has a training time that
depends linearly on the number of training examples, with a
convergence rate sub-linear in the number of kernels used.
At the same time, it achieves state-of-the-art performance
on standard benchmark databases. The algorithm is based
on a stochastic sub-gradient descent algorithm in the pri-
n%al objective formulation. Minimizing the primal objectiv
Punction directly results in a convergence rate that iseflast
and provable, rather than optimizing the dual objective. We
show that by optimizing the primal objective function di-
*Work done while at Idiap Research Institute, Martigny, Sestand rectly, we are able to solve the multiclass formulation effi-

Categorization is one of the most challenging problems
in computer vision today. Object categories present a wide
visual variability within each class. This, coupled with
robustness issueg.f changes in illumination, occlusion,
clutter), makes it unclear how to build general models suit-
able for all categories. Because of this, a dominant approac
is to learn instead what distinguishes them, by using highly
discriminative and robust features combined with machine
learning techniques9[ 10, 14, 17, 25, 26]. In particular
this has been recently translated into Support Vector Ma-
chine (SVM) based classifiers combined with kernels over
multiple cues §, 9, 10, 14, 25, 26]. Results obtained by
these methods on various benchmark databases represe
the current state-of-the-art in object categorization.ofim
them, Multi Kernel Learning (MKL) approaches have at-




ciently, with a running time which is linear to the number whereﬂgj' are the weights learned by the one-layer or two-
of classes. We can stop the algorithm after few iterations, layers framework, ang’ is the score function for each ker-

while still retaining a performance close to the optimal.one nel. Therefore the two formulations are essentially equiv-
We call this algorithm OBSCURE, Online-Batch Strongly alent, with differences given only by the specific train-

Convex mUlti keRnel IEarning. ing procedures used. In both methods a regularizer that
) favors the selection of only a subset of the kernels is
1.1. Multiple Cues and Kernels used [, 10, 23, 21.
Consider the task of image classification withclasses, The main contribution of this paper is showing that the

F different cues andV training instancegz;}¥, drawn one-layer formulation, beside being more principled, can
from an unknown fixed probability distribution. We want also achieve a comparable performance and a considerably
to learn a score functios(-, -) that best predicts the clags ~ lower training time than state-of-the-art two-layers ety

for any future sample: drawn from the same distribution, tures. We propose p-norm version of the standard MKL

where the predicted class is the one with the highest score algorithm, and we minimize it with a two stages algorithm.
The first one is an online initialization procedure that de-

y(@) = arghiax s(@,y) - @) termines quickly the region of the space where the optimal

. . ! . . solution lives. The second stage refines the solution found
This score function should be learned using all fheiffer- by the first stage. Differently from the other methods, our
ent cues, to gain robustness and performance. algorithm solves the optimization problem directly in the
Some of the methods addressing this task are based on grjma| formulation, in both stages. Using recent approache

two-layers structurell), 17]. A classifier is trained foreach  jy gptimization theory, the algorithm takes advantage ef th
cue and then their outputs are combined by another classi=ndance of information to reduce the training tirdid [

fier. Even if this strategy has recently received attention i | tact, we show that the presence of a large number of ker-
the computer vision community, this kind of approach is the o5 helps the optimization process instead of hindering it

oldest and dates back to the seminal work of WoIpEM.[ gpiaining, theoretically and practically, a faster cogesrce
They use Cross-Validation (CV) methods to create the train- 4t with more kernels.

ing set for the second layet.(, 27]. Hence they have a The rest of the paper presents the theory and the experi-

runtime of about K+1 times the training of a single classi- menta| results supporting our claims. Sectiorevises the
fier, such as support vector machine (SVM), where K is the p5ic definitions of MKL and generalizes it genorm for-

number of folds of the CV. This method is currently consid- ., 1ation. Sectior3 presents the theory and algorithm of

ered the state-of-art method for image classification taSkSOBSCURE while Sectio# reports experiments on catego-

[10]. ) ) ) rization tasks.
Another interesting strategy uses a one-layer architec-

ture, such as the MKLI[5, 19, 23, 25, 2€]. Using the theory
of kernels one solves a joint optimization problem while
also learning the optimal weights for combining the kernels In this section we first introduce formally the MKL
with each cue corresponding to a kernel. The optimization framework and its notation, then itsnorm generalization.
problem is similar in all these approaches. This approach

is theoretically founded, plus it consists of a unique opti- 2.1. Definitions

miga_tion probler_n. Howeversolviln_g itis more cpmplgx than Notations. Let {z:,5:}Y,, with N € N, z; € X and
training,e.g, a single SVM classifier. Another issue is that yi €Y = {1,---, M}, M > 2, be the training set. We

currept. MKL approaches do not scale well to the number indicate matrix and vectors with bold letters. A barg
of training examples and number of classes. For example, _

. . w, denotes the vector formed by the concatenation ofithe
the SILP algqn_thm 13, 28] depends polynomially on the vectorsw’, henced = [w!,w?, - - , w"].
number of training examples and number of classes with an
exponent of~ 2.4 and~ 1.7 respectively. For the other Multi-class Classifier. A common approach to multiclass
algorithms these dependencies are not clear. classification is to use joint feature map&e, i) on dataX

From a theoretical point of view, if we consider a two- and labelsY [24]. The functions’ will be defined as
layers architecture with the first layer composed by kernel

classifiers, and a linear classifier in the second stagepthe t s (@,y) = w’ - ¢ (@, y), €)

approaches are very similar. In both cases the final predic- . ) ,
tion function is written as wherew’ is a hyperplane The functionsg’ (z,y) map

the samples into a high, possibly infinite, dimensional

2. p-norm Multi Kernel Learning

F

g(x) = argmax Z ﬁisj (z,y), (2) LFor simplicity we will not use the bias, it can be easily addgdriod-
yeY ifying the kernel definition.

j=1



space. With multiple cues, we will havé' functions
#(-,-),7 = 1,---,F. This will also defineF kernels
Ki((z,y), (x',y")) as¢’ (z,y) - ¢/ (z',y). This definition
includes the case of traininty different hyperplanes, one
for each class. Indeegf (x, y) can be defined as

¢j(mvy) =0,

,0,¢7(x),0
N——

Yy
where ¢'/(+) is a transformation that depends only on
data.  Similarly w will be composed byM blocks,
[w!, .- w™]. Hence, by constructionw - ¢’(x,7)
w” - ¢’ (x). According to the defined notation(xz,y) =
[¢1(1'7y), T 7¢F(xvy)}'

Loss Function. We define a multi-class loss functio®/]]

(é(way) - (E(wvy/))‘-f—’ (5)

’ ’0]7 (4)

{(w,z,y) = max|l — @
y'#y
where|t| is max(t,0). This loss function is convex and it
upper bounds the multi-class misclassification loss.

Norms and dual norms. A generic norm of a vectaw is
indicated by||w|, its dual normis indicated by|w||.. For
w € RY andp > 1, we denote byjw||, the p-norm of w,

e, |w|, = (Zle lw;[P)/P. The dual norm of| - ||,, is
I 114, wherep andg satisfyl/p+1/¢q = 1. In the following
p andq will always satisfy this relation.

Group Norm.
|w]l2,, onw as

It is possible to define €2, p) group norm

(6)

that is thep-norm of the vector off' elements, formed by
2-norms of the vectorgw’. The dual norm of| - ||2, is

|- [l2.q [12]-
2.2. Multi Kernel Learning

|1@]l2.p = || [llw* |2, w12, -, 0" l2] ],

The MKL optimization problem was first proposed ifj |
and extended to multiclass iiq]. It can be written as

A&
min 5 Z lwillo | + NZ&
j=1 i=1

This same formulation is used in,[23], while in [19

the proposed formulation is slightly different, although i
is proved to be equivalent. Note that we weight the regu-
larization term by\ and divide the loss term by, instead

of the more common formulation with only the loss term
weighted by a paramet&r. Our choice greatly simplifies
the math of our algorithm. The two formulations are fully

equivalent when setting = =+ .

We will now generalize this formulation to group-norms.
Using the notation defined above, we can rewrieas

A 1
_ 12 _
§||w“21+ﬁ§g(w7m”yL)’ (8)

wherew = [w!, w?,--- ,w!]. The(2,1) group norm is
used to induce sparsity in the domain of the kernels. This
means that the solution of the optimization problem will se-
lect a subset of thé' kernels. However, even if sparsity can
be desirable for specific applications, it could bring to a de
crease in performance. Moreover the problem8nig not
strongly convex 7], so its optimization algorithm is rather
complex and its rate of convergence is usually sloy?f].

We propose to generalize the optimization problem, us-
ing a generic group norm

min |3, +

wherel < p < 2. We definef(w) =
+ Zf;l ¢(w,xz;,y;) andw* equals to the optimal solu-
tion of (9), w* = argming f(w). The added parametgr
will allow us to decide the level of sparsity of the solution.
In fact it is known that the -norm favors sparsity, and here
the1-norm favors a solution in which only few hyperplanes
have a norm different from zero. Moreover this new formu-
lation has the advantage of beingg-strongly convex12].
Strong convexity is a key property to design fast batch and
online algorithms: the more a problem is strongly convex
the easier it is to optimize itl, 20]. Many optimization
problems are strongly convex, as the SVM obijective func-
tion. Whenp tends to 1, the solution gets close to the sparse
solution obtained solving the problem iA){ but the strong
convexity decreases. Wherequals to 2, it is equivalent to
using a single kernel equal to the sum of all the kernels. Re-
cently a differenp-norm MKL problem has been also pro-
posed in [ 3], that allows non-sparse solutions. However,
their algorithm did not take advantage of nice properties of
the strong convexity for the optimization process. In the
next section, we will show how to use the strong convexity
to design a fast algorithm to solv8)(

3. The OBSCURE Algorithm

Our basic optimization tool is the framework developed
in [20, 21]. It is a general framework to design and analyze
stochastic sub-gradient descent algorithms for any skyong
convex function. At each step the algorithm takes a ran-
dom sample of the training set and calculates a sub-gradient
of the objective function evaluated on the sample. Then it
performs a sub-gradient descent step with decreasing-learn
ing rate, followed by a projection of the solution inside
the space where the solution lives. The algorithm Pegasos,



Algorithm 1 OBSCURE stage 1 (online)

formulation has a better convergence rate for small values

1: Input: ¢,n of A\, while retaining the fast convergence rate for big values
2: Initialize: 6, = 0,w, =0 of A. A drawback is that the algorithm needs to know in ad-
3 fort=1,2,...,7do vance an upper bound on the norm of the optimal solution.
4. Sample at randorfw., y.) In [7] the authors proposed an algorithm that estimates this
5 = arf;fjf" CIRECINY) bound while training, but it gives a speed-up only when the
6 2= blae,y) — b, Gr) norm of the optimal solutions* is small. This is not the
7. if 0(Wy, @i, y0) > 0thenB,y1 = 6, + nZ, case in most of the MKL problems for categorization tasks.
8 elsef;y =6; Our OBSCURE algorithm takes the best of the two so-
o w1 < 16741112 )"2 0 Nie1.. F lutions. We first extend the framework of][to the generic

' 17 g \ 81012, th1 VT non-Euclidean norms. Then we solve the problem of the
10: end for _ upper bound of the norm of the optimal solution using an
11 retum 071, Wr+1 new online algorithm. This takes advantage of the charac-
12: return R = \/||TI)T+1 13, + s oo, (W71, i, yi) teristic of the MKL task and quickly converges to a solution

Algorithm 2 OBSCURE stage 2 (batch)

1: Input: ¢, 81, @1, R, A\
2: Initialize: so =0
3: fort=1,2,...,Tdo

close to the optimal one. Hence OBSCURE is composed
by two steps: the first step is a fast online algorithm (Al-
gorithm1), used to quickly estimate the region of the space
where the optimal solution lives. The second step (Algo-
rithm 2) starts from the approximate solution found by the
first stage, and exploiting the information on the estimated

4f ?ample at ram_jor@“ v) region, it uses a stochastic proximal projected sub-gradie
5. gy = argmax Wy - ¢(xt,y) .

vEur B B descent algorithm.
6. if (W, T, y:) > 0then z, = d(ze, ye) — d(xe, 1) The following theorerhgives a theoretical guarantee on
7. elsez; =0 the convergence rate of OBSCURE to the solutiordf (
8 di=Ald s — - - Theorem 1. Suppose that|¢’(z:,y:)le < 1,V5 =
o st_stﬁo,g,(\/dgﬂwdt) l,---,F,t=1,--- ,N. Letl <p<2,6¢€(0,1),Rthe

. value returned by the first stage, and= 2F'/9 + \R.
100 M = 5 . Then with probability at least — § over the choices of the
16,1 =(1— )0 +n: 2 random samples we have that afBiterations of the 2nd
120 0441 = min (LqR/HgH%IIzq) §t+% stage of the OBS(_:URE alg_orithm, the diff(_arence between

07 s |92 f(wr) and the optimal solution 0By, f(w*), is less than
'l t 2 7 .

O <Hétﬂluz,q> 01, Vi=1, F
14: end for

/g1 +logT . (c\/qy/1+1logT 4R
min — .
1) AT VT

Moreover if the problem is linearly separable by a hyper-
plane@ and the first stage is run until convergende,is

2
less thar2(1 + nFa)||al|2,p.

based on this framework, is the current state-of-art solver
for linear SVM [21, 22).
Given that the(2, p) group norm is strongly convex, we

could use this framework to design an efficient MKL algo- The theorem first shows that a good estimateRatan
rithm. I_twould inherit all the properties of Pegasdﬂ,[ZZ]._ _ speed-up the convergence of the algorithm. In particu-
In particular the convergence rate, and hence the raining 5 if the first term is dominant, the convergence rate is

time, would be proportional t§. Although in general this O(qlogT)_ If the second term is predominant, the conver-

convergence rate can be quite good, it becomes slow when = 7 -/ RIToT . .
X is small and/of is big. Moreover it is common knowl- ~ 98NCE rate ID(=T757), so it becomes independent from

edge that in many real-world problems, particularly in vi- * (I-& independent frond’). The algorithm will always op-
sual learning tasks, the best setting fois very small, or timally interpolate between these two different rates of-co
equivalentlyC is big (the order ofi0> — 103). Notice that vergence. As said before, the rate of convergence depends
this is a general problem. The same problem also exists in®" ?» throughg. Whenp tends tol, the solution tends to

the other SVM optimization algorithms such as SMO and the sparse one of), with a worst rate. However in the ex-

similar approachesi[l], as their training time also depends periment_ section we show that thg best performance is not
on the value of the parametér. always given by the sparsest solution. Moreover Thedrem

. Do et al [7] pr_oposed-a variation of the Pegasos aIQQ' 2For an extended version of this paper with proofs, see
rithm called proximal projected sub-gradient descentsThi http:/francesco.orabona.com/papers/obscure-pratifs.p




also shows that, whenis close to 1, the convergence rate Algorithm 3 Proximal projected sub-gradient descent
has a sublinear dependency on the number of kerigls, 1: Input: R, o, w; € S

and if the problem is linearly separable it can have a faster 2: Initialize: so =0

convergence rate using more kernels. We will explain this 3: fort =1,2,...,7'do

formally in Section3.2 4. Receiveg:
The training time of OBSCURE is proportional to the % %t = gt (we)
number of steps given by Theorenmultiplied by the com- . _ (aottsg_1)?+ %5t —(aot+s;_1)
. .. . . 6: St = St—1 +
plexity of each step. This in turn is dominated by the pre- . e = (ot + 50 /)"
diction (line 5 in AIgorithmsl and2),'tha.1t has complexity 8  wirt = VA (Vh(w;) — neze)
O(NFM). Note that this complexity is common to any  o. end for

other similar algorithm, and it can be reduced using meth-
ods like kernel caching].

In the following we introduce the necessary mathemati- Moreover starting from goodsolution could speed-up the
cal tools to be able to derive OBSCURE and its theorem.  algorithm even more.

We propose to initialize Algorithn2 with an online al-

3.1. Batchp-norm MKL gorithm. Algorithm1 is the online version of problen®)

We first state a Lemma that is a generalization of Theo- and it is derived using Corollary 7 in.f]. It is similar to
rem 1 in [/] to general norms, using the framework 1. the 2p-norm matrix Perceptron in], but it overcomes the
We need two additional definitions. Given a convex func- disadvantage of being used with the same kernel on each
tion f : S — R, its Fenchel conjugat¢* : S — R is feature. As in {], for Algorithm 1 it is possible to prove
defined asf*(u) = sup,cg(v - u — f(v)). A vectorz is a relative mistake bound. We omit the details for lack of
a sub-gradient of a functiofiat v, indicated withd f (v), if space, a future longer version of this work will include it.
Vue S, f(u) — f(v) > (u—v)- . We can run it just for few iterations and then evaluate its

norm and its loss. In Algorithrit R is then defined as
Lemma 1. Leth(-) = &| - ||* be a 1-strongly convex func-

_tion w.rt. a norm|| - || over S Assume that for al g,(+) R.— \/IIITJTHII%,p + 2N (g, @, yi)
is ao-strongly convex function w.rh(-), and||z:||. < L.
Then for anyu : ||Ju — w,|| < 2R, and for any sequence of > \/Hu‘:*H;p + & SN (@, i, yi) > || @2 - (10)
non-negativety, . . ., &7, Algorithm 3 achieves the follow-
ing bound for allT” > 1, So at any moment we can stop the algorithm and obtain an
upper bound ofjw*||2,p.
L? If the dimension of the space induced by tHi&ernles is
big enough, itis very likely that the classification problam
linearly separable. When this is the case, we can prove that
b- Algorithm 1 will converge to a solution which has null loss
on each training sample, in a finite number of steps. More
specifically we can state the following Theorem.

> (gewi) — gi(w) < 3 [46R +

Y&
t=1 t=1 ot 4 ===

With this Lemma we can now design stochastic su
gradient algorithms. In particular, settiflg |2, as norm,
h(®) = 4@|3,, andg, () = 2h(w®) + ¢ (@, 21, y1), we
obtain Algorithm?2 that solves the-norm MKL problem in Theorem 2. Suppose that|¢’ (z:,y:)]l. < 1,V5 =

(9). In particular lines 6-7 correspond to the calculationof 1,... F ¢t =1,..-- N,andl < p < 2. If the problem
the sub-gradient of the multiclass loss functigh (The up- (9) is linearly separable by a hyperplang, then the
dates are done on the dual variabfigsin lines 11-12, that  Algorithm 1 will converge to a solution in a finite num-
are transformed inta, in line 13. ber of steps less thadq(1/n + F%)Hﬁ”%,p_ Moreover

Note also that Algorithn? can start from any vector,
while this is not possible in the Pegasos algorithm where
at the very first iteration the starting vector is multipliey
0 [21]. The parameter? is basically an upper bound on
the norm of the optimal solutione. R > ||[@*|2,. In the
next Section we show how to initialize this algorithm and to
calculateR in an efficient way.

the returned value aR will be less thar2(1 +nFa Ma|2,p-

From the theorem it is clear the role @f a bigger value
will speed up the convergence, but will decrease the quality
of the estimate oR. Son governs the trade-off between
speed and precision of the first stage.plfs close to 1,
the dependency on the number of kernels in this theorem
is strongly sublinear, moreover increasing the number of
kernels toF’ > F, we have that|@||3 , will most likely

In Theoreml we saw that if we have a good estimate of decrease or remain constant. This means that we expect Al-
R, the convergence rate of the algorithm can be much fastergorithm 1 to converge, in a number of steps that is almost

3.2. Initialization through an online algorithm



independent o’ and in some cases evdacreasingn F'.
The same consideration holds for the valuerofeturned

by the algorithm, that can decrease when we increase tt
number of kernels. A smaller value &f will mean a faster
convergence of the second stage. We will confirm this state:
ment experimentally in Sectich

4. Experiments

In this section we test OBSCURE on the Oxford flow-
ers [L8], Caltech-101 §] and MNIST [L6] datasets. Al-
though our MATLAB implementation of the algorithiis

not optimized for speed, it is already possible to observe

the advantage of the low runtime complexity. This is par-
ticularly evident when training on datasets containingéar
numbers of categories and lots of training samples. In all
our experiments, the parametgis fixed at 2, ana is cho-
sen from the sef1.01,1.05,1.10,1.25,1.50, 1.75,2}. The
regularization parameteris set through CV, ag}w, where

C € {1,10, 100, 1000}.

4.1. Oxford flowers

The Oxford flowers datasef §] contains 17 different
categories of flowers.
three predefined splits (train, validation and test). The au
thors also provide seven precomputed distance matrices

classification rate
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Figure 1. Comparison of performance on Oxford flowers dataset.

10°
number of iterations

literature. In our experiments, we used the pre-computed
features and kernels of (], with the same training and test
split°. This allows us to compare against them directly. Fol-
lowing that, we report results using all 102 classes of the
Caltech-101 dataset using five splits. There are five differ-
ent image descriptors, using different setup of parameters
and computed at different scales. It results in a total of 39
kernels. Note that, as they are derived from 5 features only,
some of them might be redundant. For brevity, we omit the
details of the features and kernels that can be foundGh [
Figure2 shows the behavior of our algorithm using dif-
ferent values of the parametgr(Figure 2(Left)), different

Each class has 80 images withnumber of kernels (Figur&(middie)) and the running time

under different size of training examples (Fig@gight)).
The dashed line in Figurg(left & middle) corresponds to the

These distance matrices are transformed into kernel usingesults obtained by the first online stage of the OBSCURE

exp(—y~! - d), where~ is the mean of the pairwise dis-
tances andi is the distance between two examples. We
used a value of equal to 1.05, found through CV.

We have implemented an extended version of the orig-
inal Pegasos algorithn?[, 27] for problem Q). We first

compare the running time performance between OBSCURE
and Pegasos. Their generalization performance on the test-

ing data (Figurel(Left)) as well as the value of the objec-
tive function (Figurel(Right)) are shown in Figuré. In

the same Figure, we also present the results obtained using

other combination methods: SILRJ], SimpleMKL [19]
and LP# [10]. The cost parameter is selected from the
rangeC € {1,10,100,1000} for MKL methods. We see

that OBSCURE converges much faster compared to Pega-

sos. This proves that, as stated in TheotemBSCURE

has a better convergence rate than Pegasos. All the feature

combination methods achieve similar results on this datase
LP-5 is order of magnitudes faster as it uses an efficient
standard SVM solverd].

4.2. Caltech-101 datasets

The Caltech-101d] dataset is a standard benchmark
dataset for object categorization. Here we followed the ex-
perimental setup originally proposed and widely used in the

3Code available dtttp://dogma.sourceforge.net/
4www.robots.ox.ac.uk/ ~vgg/research/flowers/

algorithm. It can be observed from the figures that:

a). [Figure2(Left)] The online step of OBSCURE achieves
a performance close to the optimal solution in a train-
ing time order of magnitudes fasteo¢ to 10%). When
p is large (.e. ¢ is small) the online stage converges
even faster. This is consistent with Theorgm
b). [Figure2(Left)] By changingp, itis possible to improve
performance. As stated before, whetends to 1, the
solution gets close to the sparse solution. In particular
here 3||w7||» (out of 4) approacld. Whenp equals 2,
we obtain a dense solution, that corresponds to use the
sum of all the kernels. Although some of the kernels
may contain redundant information, all of them may be
informative for classification. Thus imposing sparsity
on them does not always help increasing performance.
Hence the optimgb here is1.10 — 1.25.
[Figure 2(viddle)] OBSCURE has a better converges
rate when there are more kernels, as stated in Theo-
rem2. Thatis, the algorithm achieves a given accuracy
in less iterations when more kernels are given.

[Figure 2(Right)] We can see that the algorithm con-
verges quite fast to the optimal solution. Using 15 ex-
amples per class, the run time is similar to the runtime
of LP-3 (about 24 mins). When the number of training

c).

d).

Swww.vision.ee.ethz.ch/ ~ pgehler/projects/iccv09/
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Figure 2. Behaviors of the OBSCURE algorithm on Caltech-101 datasett) ¢he effect of different value agf, using four PHOG J]
kernels computed at different spatial pyramid level, as similar expetiperformed in [0]; (Middle) the effect of different number of
kernels randomly sampled from the 39 kernels; (Right) running timeiffarent number of training examples using all the 39 kernels.
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Caltech-101 (p=1.01, 5-30 training examples ) sparse one, it will never reach a completely sparse solution
‘ ‘ ‘ ‘ This may be one of the reasons for the gap in performance

T between OBSCURE and LP{10]. However, this may not

be critical, since usually in practice all used featuresi&ks

] are informative. Non-informative/duplicate features @amne

likely to be included in a real system. We did a simple test

by selecting five kernels from the five different families of

8 features [0] which achieve low leave-one-out (LOO) er-

ror using 30 training examples per class. It can be done

©
=]
T
I

~
al
T

-

classification rate
(o2} (o2} ~
o (5 o
T T T

4]
a
T

—— average kemel (39 kemels) automatically using LS-SVM, which has a closed form so-
s0f- o ﬁ;‘ifgfggkz':j;‘;ke'"e's) b lution for LOO error estimation g]. The results as well
ol . g:ti: :gk:(?r:gfsl;) I as the performa.ncel of the averaging of these f.lve kgrnels
—— OBSCURE (39 kernels) are also shown in Figurg. We see that the algorithm im-
al - - — OBSCUR'ZS’ Kemets) — proves slightly over the previous one. This suggests that
# training examples OBSCURE as well as SILP, when provided with discrim-
Figure 3. Performance comparison on Caltech-101 using differentinative features, could increase performance even further
combination methods. It also seems to indicate that there is a margin to improve

the regularization used in MKL methods, as currently more

examples increases to 30, our algorithm has an advan_kernels do not necessarily transform into better accuracy.

tage over LP3, that takes about 121 mins.

. . . . 4.3. MNIST

In Figure3 we report the results obtained using different
combination methods. The best results for OBSCURE were  In the last experiment we use the MNISTH] dataset of
obtained whemp is at the smallest value (1.01). Thisis prob- handwritten digits. The dataset has a training set of 60,000
ably because among these 39 kernels many were redundargray-scale 28x28 pixel digit images for training and 10,000
or not discriminative enough. For example, the worst sin- images for testing. We cut the original digit image into four
gle kernel achieves only an accuracyl8f5% = 0.6 when square blocksl@ x 14) and obtained an input vector from
trained using 30 images per category, while the best singleeach block. We used three kernels on each block: a linear
kernel achieve$9.4% + 0.4. Thus, sparser solutions are kernel, a polynomial kernel and a RBF kernel, resulting in
to be favored. We see also that our method achieves perd2 kernels. Figuré shows the generalization performance
formance comparable to the state-of-art (EPFL0]), and on the test set achieved by OBSCURE over time, for var-
outperforms the other MKL (SILP) methods. One possi- ious sizes of training set. We see that OBSCURE quickly
ble reason may be the one-vs-all multiclass extension usedconverges to the best performance. It also shows that the
in the MKL algorithm. The sparse MKL algorithm may time to reach the optimum is approximately linear in the
choose different subset of kernels in different indepehden number of training samples. The SVM performance using
binary classification tasks, which may introduce a bias on averaging kernel and the best kernel is also plotted. Notice
some classes in the final decision process. However, notghat in the figure we only show the results of up to 20,000
that although our algorithm obtains a solution close to the training samples for the sake of comparison, otherwise we



MNIST (p=1.10) OBSCURE N=1000
- - OBSCURE N=5000

- - OBSCURE N=10000

—— OBSCURE N=20000

B SVM (1us. ALL, best feature) N=20000 ||
> SVM (L vs. AL, averaging kernel) N=20000)
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error rate
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Figure 4. The generalization performance of MNIST dataset over
different size of training samples.

(6]
(7]
(8]

El

could not cache all the 12 kernels in memory. However, by
computing the kerneldn the fly we are able to solve the
MKL problem using the full 60,000 examples efficiently.

5. Conclusions and Discussion [10]

This paper presents OBSCURE, a novel and efficient [11]
algorithm for solving p-norm MKL. It uses a hybrid
two-stages online-batch approach, optimizing the ohjecti
function directly in the primal with a stochastic subgradi-
ent descent method. Experiments show that OBSCURE
achieves state-of-art performance on multiclass claasific (13]
tion problems. Furthermore, the solution found by the on-
line stage is close to the optimal one for various tasks,avhil [14]
being computed several orders of magnitude faster. Our ap-
proach is general, hence it can be applied to any other algoll5]
rithm with a strongly convex regularizeiJ]. For example [16]
the framework can be very easily extended to solve other
problems such astructure output predictiofi24], to have
an MKL algorithm for structured output.

OBSCURE has a faster convergence rate as the numbeyg
of cues/kernels grows. Thus we expect to achieve better
performance with more discriminative features. A simple [19]
feature selection technique such as cross-validationdcoul 20]
already be beneficial. On the other hand, our results show
that non-sparse models might get better performance (in
the sense of accuracy and speed). This is in agreemenil]
with recent findings in 3. As a last remark, we notice
that the disadvantageous results of MKL methods, reportedj22]
in [10], may be because those algorithms does not have a
proper multiple class formulation for the object categariz (23]
tion problems. By using our method, MKL can still be an [24]
efficient machine learning tool for cue combination tasks.

(12]

(17]
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A. Appendix A.2. Proof of Theorem 1

In this appendix we report the proofs of the theorems in Proof. Define g,(w) = A||wH2p + {(w,zy,y;) and

the paper. h(w) = ‘1||w||2p Using Lemma 1 in 70], we can see
that these two functions satisfy the hypothesis of Lemma 1,

A.1l. Preliminary definitions and notations witha = ¢, 0 = 3 So we have

We start by introducing some basic notions of convex -
analysis and a lemma contains the necessary relations to de-

11

rive the update rules in Algorithm 1 and 2. ; 9:(®:) @) (11)

Given a convex functiorf : S — R, its Fenchel conju- T 5
gatef* : S — Ris defined agf*(u) = sup,cg(v - u — < min §R?+ qc (12)
f(v)). A differentiable functionf : S — R is said to be IR SES R A&

A-smooth with respect to a norfpn- || iff for any u,v € S,
flu+v) < flu) + Vi) v+ 3 |v]|®. We also intro- ~ Reasoning as in’[l], we divide byT’, take the expection
duce a notation that will help us to synthesize the following ©n both side and use the Markov's inequality. So we obtain

formulas. We indicate bjw/]} = [w!,w?, -, w’]. that we probability at least — §
Lemma 2. LetR € R, defineS = {w : ||w|2, < R}, f(wr) — f(w™") (13)
andh : S — R defined a§z( w) = %|jwl|3,. Define also T )
Proj(8, B) = mi a.Th | Z A4 R? + L (14)
roj(0, B) = mm( T ) en: - S
° h(6) = Setting all thet; to the same valug, the last term in the
- F last equation can be upper bounded by
. h@) g {.ﬂ:—:’rk w .
v 1 1 qc?
Ap = Hllrl* AER? + 15
) e roming KR 72 g 09
e Vh*(0) = Proj [||g|2|2 01} ,B
! 1 This term is less than any specific settingéofin particu-
Proof. The first relation can be found in the proof of Theo- lar if we set{ to 0, we have thatly < qc%# On
rem 20 in [L2]. The second can be obtained differentiating the other hand setting optimizing the expression gvand
h. The last relation is obtained using Lemma 240][ O over-approximating we have that; < 46Rfv1+logT
Now we can derive the following Corollary, that allows -Sri(t':(? ggﬁnrglnlmum of these two quantities We obtag the
us to compute all the quantities involved in Algorithm 1
and 2. A.3. Proof of Lemma 1
Corollary 1. The following relations holds for Algorithm 1 Proof. Define ¢}(w) = g,(w) + %H’w — wy|?. Us-

and 2, for anyt: ing the assumptions of this Lemma, we have thats

~ soap—2 1F (0 + %)-strongly convex w.r.t. tdh. Moreover we have
¢ 0,=¢q [(',;‘jt,z"j‘p) wi} — 4V||w,3, thatdg! (w;) = g:(w;) = oVh(w) + df.(w), because
1 the gradient of the proximal regularization term is zero
oi 2 1F when evaluated ai, [7]. Hence we can apply Theorem 1
o W= [(nléjlkq) i} 1 from [20] to have
_ 14z T T
o [|[wll2, = 5” 2,q th(wf) _ Z <gt(u) 2 'wt||2> (16)
_ _ t=1 t=1
o oG N1, + e, 2 )),, . .
< 216424 + 24|24 = gi(w;) = gi(u) 17)
t=1 t=1
d E(wtthayt) >_O _ 1 T L2
= 1Zell2, = l9(e, ye) — d(@e, Ge) |2 <5 > —L—. (18)

< \/2maxi7j Kj(:ll‘i,mi)Fl/q —1 ot + 727‘,;1 &



Using the hypothesis of this Lemma we obtain

T T
> gi(w) =Y gi(u) (19)
t=1 t=1
1 £l 9 aLf
§§; <€t|u’wf ﬁ+ZZ:1 51) (20)
1< aL?
- 46, R? ¢ ) 21
§2;<£t + t+22_15i> (21)

Using the definition of; in the algorithm and Lemma 3.1
in [2], we have the bound. O

A.4. Proof of Theorem 2

Proof. The proof is based on an adaptation of a result
from [12].

Denote byl/ the set of rounds in which there is an up-
date, and byU its cardinality. We proceed by bounding
the quantityr, - @ from below and from above. De-
fine h(v) = %[|v|3,. From [12, Corollary 19], we know
that  is 1-smooth w.r.t.|| - ||2,,. Moreover, line 9 in the
algorithm’s pseudo-code implies that, = Vh*(6,)

Vh*(321Z) nZ;). Hence, we obtain
10711115, < 16713,, + 2gn®1 - 20 + 0’| 27115,
(22)
< QZ(QUﬁ’t'ftJr??QHftH%,q) : (23)

teu

Using the convex inequality for norms we then get

0711 -6 <[|0741]l2,4 T2 (24)

<Nallap, fa > (20, - 2 + 12| Z)13,) -
teu

(25)

We can further bound the last term by considering that when
an update is performed; - z; is less than 1. Using that
12¢]3,, < 2F2/7 we can further upper bourf@; ; - @ as
follows

Or1 - @ < |@llo,my/20(1/n + F20)U .
For the lower bound we have that

0T+1”17,: E 77’17,215
tel

=@ (e ve) — Bl ir)

teu

Z Z 77(1 - é(ﬂa Ty, yt))
teu

2nU,

(26)

(27)

(28)

(29)

where in the last step we used the fact that the problem
is linearly separable by%. Combining this last inequality

with (26), solving the inequality fof/, we obtain
U < 2q||all3,(1/n + F/1) . (30)

For the second part of the theorem, using fifth result in
Corollary 1 in £2) we have

1074120 < /02U L/ + F2/0), (31)

and using 80), we have
10r+112.0 <my/4a2 @3, (1/n + F2/a)2 (32)
=2q||@2,5 (1 +nF?7) . (33)

Using the relatior[w; |2, = ;0¢[|2,q, that holds for any
t, we have the stated bound.
]



